CYCLOTOMY AND PERMUTATION POLYNOMIALS OF LARGE 

INDICES 

QIANG WANG 

Abstract. We use cyclotomy to design new classes of permutation polynomials over 
finite fields. This allows us to generate many classes of permutation polynomials in 
an algorithmic way. Many of them are permutation polynomials of large indices. 



1. Introduction 

Let p be prime and q = p m . Let ¥ q be a finite field of q elements and F* = ¥ q \ {0}. A 
polynomial is a permutation polynomial (PP) of a finite field ¥ q if it induces a bijective 
map from ¥ q to itself. The study of permutation polynomials of a finite field goes back 
to 19-th century when Hermite and later Dickson pioneered this area of research. In 
recent years, interests in permutation polynomials have significantly increased because 
of their applications in coding theory and cryptography such as S-boxes. In some of 
these applications, the study of permutation polynomials over finite fields has also been 
extended to the study of permutation polynomials over finite rings and other algebraic 
structures. For more background material on permutation polynomials we refer to 
Chap. 7 of [11]. For a detailed survey of open questions and recent results see [9], [TO] . 
[32], and p3j. 

In [3], the authors provide a general theory which, in essence, reduces a problem of 
determining whether a given polynomial over a finite field ¥ q is a permutation polyno- 
mial to a problem of determining whether another polynomial permutes a smaller set. 
One of very useful smaller sets is the set of cyclotomic cosets. Earlier, Niederreiter and 
Winterhof [15] and WangfTT] have studied so-called cyclotomic permutations. Namely, 
let C be a subgroup of F* with index £ | q — 1 and the factor group F*/C consists of 
the cyclotomic cosets 

c i: = 7 l c , i = o,i,... ,e-i, 

where 7 is a fixed primitive element of ¥ q . For any Aq, A%, • • • , e ¥ q and positive 
integer r, the so-called r-th order cyclotomic mapping f r Ao a 1 ■■■ A t _ x °f index i from ¥ q 
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to itself is defined by 



0, if x = 0; 

A x r , if x E C ; 

A{X r , if x G Cj; 



A e ^ 1 x r , if x e Ci-\. 

It is shown that r-th order cyclotomic mappings produce the polynomials of the form 
x r f(x s ) where s = Furthermore, PPs of the form x r f(x s ) have been intensively 
studied in[Il[2liai5l|6l[71[T6l[I71[2ll|22l[23]. 

It is also well known that every polynomial P(x) over ¥ q such that -P(O) = b has 
the form ax r f(x s ) + b with some positive integers r, s such that s \ q — 1. Let q — 1 = 
is. More precisely, we observe that any polynomial P(x) G ¥ q [x] can be written as 
a(x r f(x^ q ^ 1 ^ t ))+b, for some r > 1 and i \ (q— 1). To see this, without loss of generality, 
we can write 



P(x) 



<"n-i k 



X 



+ b, 



where a, a n _j 



Qj (yX | ^7}, ^1 *^ I • • • | CLiy 

7^ 0, j — 1, ■ ■ ■ , k. Here we suppose that j > 1 and n — i k = r. Then 
P(x) = a (x r /(a^ _1 ^)) + 6, where f(x) = x e ° + a^.^a; 61 + • • ■ + a n -i k ^x^- 1 + a r , 

< = «zi , 

gcd(n — r, n — r — «i, ■ • • , n — r — z'fc_i, g — 1) 

and gcd(eo, ei, • • ■ , ek-i,£) = 1. The constant t is called the zn<iex of polynomial P{x) 
(see [2] ) . The index of a polynomials is closely related to the concept of the least index 
of cyclotomic permutations. Many classes of PPs that are constructed recently have 
small indices £, see for example, [H H Ei ij [3 EH E2] • 

In this paper, we extend the definition of cyclotomic mappings and study the permu- 
tation polynomials corresponding to these cyclotomic mappings. These polynomials 
have either the presentation given in terms of cyclotomic mappings of index £, 

0, if x = 0; 

Aro(x), if x G C ; 



f. 



r (x),r 1 (x),...,r e _ 1 (x) 
Ao,Ai,— ,A/_i 1 



X 



if x G Ci 



4<-ir/_i(ar), if x G CVi, 



or the polynomial presentation 

A 



i(e-2) x s 



i=0 



where r (x), ri(a;), . . . , r^_i(a;) G and C = 7 s be a fixed primitive £-th root of unity 
throughout this paper. Essentially, these polynomials are of the form 'Y^ = i d x ri fi{x s ). 
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And indices of polynomials of this form are normally large, which are different from 
I in general. After we study several cases when rj(x)'s are general and i is small, we 
study in detail the situation when rj(x)'s are monomials x Ti for some positive integers 
Ti's. We give some general criteria of determining these polynomials are permutation 
polynomials of finite fields (Theorems I2.18[ I2.19[ I3.1[ 13 . 2 j) . One of them can be written 
as follows: 

Theorem 1.1. Let q — 1 = is and A , . . . , A^_i 6 F 9 . Then 

0, if x = 0; 

A x ro , if x G Co; 
p( x ) = I A lX r \ if xe Ci; 

_ A e _ lX r *-\ if xe C e , 

is a PP of ¥ q if and only if (rj, s) = 1 for any i = 0, !,...,£— 1 and fii = {Af( Ttl \ i = 
0, . . . , i — 1} ; where fie is the set of all i-th roots of unity. 

We note that each Af( Ttl is an E-th root of unity as long as Ai is not zero. Hence 
what we really need is to check all Af( Tl1 (0 < i < £ — 1) are distinct in the above 
theorem. Using these criteria in different forms, we demonstrate our method by con- 
structing many new classes of PPs (Theorems E2fl EH I2TT31 l2~14l I2TTT1 137^1 13T61 13781 



Corollaries 13.31 13751 13 . 71) . Here we only list very few particular examples of these results 
over fields with small characteristic. 

2(2 n — 1J i 2(2 n — 1) 2 n — 1 i 2 n — 1 

Theorem 1.2. The polynomial P(x) = x s h2 ' +x s vV +x~ v2% +x~ h2J + 

x 2 ' is a PP o/F 2 7i for any even positive integer n and non-negative integers i,j. 

3 n — 1 3 n — 1 3 n — 1 3 n — 1 

Theorem 1.3. The polynomial f(x) = x~ 1-31 + 2x~ 1-3 + 2x~ h2 + 2x^ hl + 

x 3 ' + x 3 + x 2 + x is a PP of¥ 3 n for any positive integer n and non-negative integer i. 

Theorem 1.4. The polynomial f(x) = x~ vT + 2x~ h3 + 2x~ h2 + 2x^2 hl + 
x 2 ' + x 3 + x 2 + x is a PP of¥ 3 n for any odd positive integer n and non-negative integer 
i. 

rjTl ^ - 3 n — 1 3 n 1 3 71 1 

Theorem 1.5. The polynomial f{x) = x~ h3 * + 2x^ 1-3 + x~^~ +2 + 2x~ hl + 

2x 2 * + 2x 3 + x 2 + 2x is a PP of F 3 n for any odd positive integer n and non-negative 
integer i. 

Theorem 1.6. The polynomial f (x) = x~ h2! +x~ v3 + 2x~ h2 + x~ n + 2x 2l + 
x 3 + 2x 2 + x is a PP ofF^n for any odd positive integer n and non-negative integer i. 



Theorem 1.7. Let q = 3" and a, 0,^,6 G F 3 n. Let f(x) = ((3- a)x {q ~ 1)/2+3 + 

a ^ x (q-l)/2+2 + ^02 _ a ^ x ( Q -l)/2+l _(p + a ) x 3 _ (fig + a7 ) x 2 _ ^ Q 2 + _ 

f is a PP o/F 3 n if and only if rj(a) = r]((3), 77(7) = —1, and rj{6) = 1. 
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One can easily see from the definition that these classes of PPs have indeed large 
indices because they contain terms with consecutive exponents. We also remark that 
our results not only generalize many previous results in (TJ El EJ [21] , but also generalize 
several more recent results including a class of PPs constructed by Hou in the study of 
reversed Dickson polynomials (Theorem 1.1 in [8]) and several classes of PPs studied 
by Zha and Hu thereafter (Theorems 7-11 in [20]); see Theorems EH I2T221 [2T271 
Our method can also provide an algorithmic way to generate permutation polynomials 
over finite fields. 



2. Cyclotomic mappings permutation polynomials 

Let 7 be a fixed primitive element of ¥ q , £ \ q — 1, and the set of all nonzero £-th 
powers be C = {7^ : j = 0, 1, ■ • • , s — 1}. Then C is a subgroup of F* of index £. 
The elements of the factor group ¥*/Cq are the cyclotomic cosets 

Q:=l l C , z = 0,l,--.,*-l. 

For any A , A\, • • • , Ai-\ G ¥ q and monic polynomials r (x), . . . , r^_i(x) G ¥ q [x] we 
define a cyclotomic mapping 

fZ^%:?~ l(x) of mdcx £ from ¥ q to itself by 

if x = 0; 
if x G C ; 

if x G C l ; 

^_i?7_i(:r), if x G CVi- 

Moreover, fAoAi-At'l'i^ * s cane d an cyclotomic mapping of the least index £ if the 
mapping can not be written as a cyclotomic mapping of any smaller index. The polyno- 
mial of degree at most q—1 representing the cyclotomic mapping A ^ x \"^ rt ~ 1 (x) is 
called an cyclotomic mapping polynomial. In particular, when tq(x) = ■ ■ ■ = r^_i(x) = 
x r for a positive integer r, it is known as a r-th order cyclotomic mapping polynomial, 
denoted by f 7 Ao ,Ai,- Ai-M) ( see [IS] for r = 1 or [T7J). 

Let s = ^j- and £ = 7 s be a primitive £-th root of unity. It is shown in [6] that 
polynomials of the form x r f(x s ) and the r-th order cyclotomic mapping polynomials 
fl Ai ■■■ A t _ x { x ) where A4 = /(C) for < i < £ — 1 are the same. More generally, for 
any P(x) = YliZo r i( x )fi( xS ) w ith P (0) = 0, we can also write P(x) as a cyclotomic 
mapping as follows: 



r (x),r 1 (x),.. 

Ao,Ai,- ,A t - 



,n-i(x). 



0, 

A r (x) 
AirAx), 
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P (x),P 1 (x)...,P^ 1 (x) i 



P(X) = a 1 A 



X = < 



o, 

AMx) 



AiPi(x), 



if x = 0; 
if x G C ; 

if x G Cj\ 



^_iP £ _i(x), if x e CVi, 



where AjPj(x) = ^2 i= l fi{x)fi{Q) and Pj{x) is the monic associated polynomial. In- 
deed, for any x G Cj, x = >^ l%+ i for some < i < s — 1 and thus P(7 &+J ) = 



E-:on(7 fi+j )/ 4 (c j ) = ^^(y 

On the other hand, for any given cyclotomic mapping of index i 

0, ifx = 0; 



r (x),r 1 (x),...,r e _ 1 (x) 



JV' Wi 



At-i 



x = < 



A r (x) 



if x e C ; 

if x E Ci, 



A^re-xix), if x e 

we can find a unique polynomial P{x) modulo x q — x corresponding to it. Namely, 

(i) P(x) = £ j^trMx) + 0^~ 2)s + ■ • • + C^-V + C M ) . 



i=0 



Indeed, if each x G Cj, we must have x s = £\ So we have 
Ai 



n {x) (x {l ~ 1)s + Cx ie ~ 2)s + ■■■ + c (e ~ 2) x s + C ( ' _1) ) = A in {x), 



0. 



and for j ^ i, 

The correspondence (CD) provides a way to construct permutation polynomials of 
finite fields. First of all, it is obvious to obtain the following result on cyclotomic 
mappings. 



Lemma 2.1. Let f£ Q ^ .. A e '^[ 1 (x) be a cyclotomic mapping of index £ over ¥ q 
given as 

' 0, if x = 0; 

A r {x), if x e C ; 



rr (x),r 1 {x),...,r e _ 1 (x) , \ 
J A ,A!,- - ,A £ _! \ x ) 



AiTi(x), if x G Ci 



^_ir £ _i(x), if x £ Ci-i. 
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Then ^ ]'"' ,fi " 1 induces a permutation of¥ q if and only if U^^r^C) = ¥*, 
where A^iiCi) = {A^i^x) \ x £ Cj} forO < i < £—1. In particular, if A , . . . , ^ 
and each A^i(x) is a bijective map from Ci to another coset Cj it then f^^t^A.'^^ 1 ^ 
induces a permutation of ¥ q if and only if 

{A r (C ) } . . . , .Va^_i(C*_i)} = {C , . . • , CVi}- 

Lemma 12.11 and Equation ([1]) provide us a general scheme to construct PPs of finite 
fields. We can design PPs of specific type in two steps. First, we choose an £ \ q — 1 
and set a pattern of permutation of cyclotomic cosets. For example, we may want to 
have a permutation which maps Co to Ci, C\ to C2, etc. Secondly, we choose different 
polynomials which maps one Cj to another Cj satisfying the previous requirements and 
use them to form a cyclotomic mapping. In the above example, we choose £ polynomials 
Airi(x) which map Co to C\, C\ to C2, etc, respectively. The polynomial determined 
by Equation (CQ) is the desired one. We note that Airi(x)'s do not need to be PPs of ¥ q , 
they only need to be bijective from one C to another Cj depending on the requirements. 
This gives a lot of flexibility and opens up a direction of studying polynomials that map 
one Ci to another Cj bijectively. In the rest of paper, we demonstrate our methodology 
and construct many new PPs of finite fields, many of them have large indices. 

First of all, we obtain the following result for cyclotomic mappings polynomials of 
index 2 which follows directly from Lemma 12.11 

Theorem 2.2. Let Ao,A\ £ ¥ q and fo{x),fi(x) be any two polynomials of¥ q such 
that 

{0, ifx = 0; 

Aofo(x), ifxeCo; 
ifxed. 

Then f is a PP of¥ q if either one of the following holds. 

(I) Aofo(Co) = Co and AMd) = C x ; or 

(II) A fo(Co) = d and A 1 f l (C 1 ) = C . 

In particular, if we take f\(x), f^(x) as any two polynomials of ¥ q of indices at most 
2, then we have the following. 

Theorem 2.3. Let q be odd and let r ,ri be positive integers and fo(x), fi(x) £ ¥ q [x]. 
Let 

[ 0, ifx = 0; 

fix) = I x r fo(x^ 2 ), if xe C ; 
{ x'JiixW 2 ), ifxed. 

Then fisaPP of¥ q if and only if(r , (g-l)/2) = (r ls (g-l)/2) = 1 O7id77(/ (l)/i(-l)) 
(— l) n+1 , where r] is a quadratic character of¥ q . 

Proof. Obviously fo(x {q ~ 1)/2 ) = / Q (l) for x £ C and hix^l 2 ) = f or x e C x . 

If / is a PP, we must have (r , (q — l)/2) = (r±, (q — l)/2) = 1. Moreover, / (l)^ ro 
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maps C onto C if r/(/ (l)) = 1, and onto C\ if r](f (l)) = — 1. Therefore l)x n 
maps Ci onto Ci if ^(/i(-l)) = and onto C if = (-l) ri . In any 

case, ?y(/o(l)/i(— 1)) = (— The converse is obvious and we omit the proof. □ 

The following result generalizes Theorem 8 [20] which only gives the sufficient part. 

Theorem 2.4. Let p be an odd prime and n, t, r be any positive integers. Then 
f(x) = (1 — x l )x~ hr — x r — x t+r is a PP over W p ™ if and only if (r,p n — 1) = 1 and 
(t + r,£^i) = l. 

Proof. We rewrite /(x) = (l—x t )x~ hr — x r — x t+r = x r (x^~ — 1) — x r+ {x~5~~ + 1). 
Obviously s = , i = 2, r = t + r, /o(x) = — (x + 1), rj = r and = x — 1. 

So we write f(x) = /f 2 + -2 ( x )- By the previous theorem, / is a PP if and only if 
(r, (p n - l)/2) = 1, (t + r, (p n - l)/2) = 1, and (r, 2) = 1. □ 

If (t + r, ^-y^-) = 1 and (t + r, p n — 1) = 2, then we must have p n = 3 (mod 4). Hence 
we have the following corollary. 

Corollary 2.5 (Theorem 8 [20] ). iet p 6e an odd prime and n, t, r be any positive 

p n -i 

integers. Then f(x) = (1 — x t )x~ hr — x r — x t+r is a PP over ¥ p n provided 

(i) (r,p n — 1) = 1 and (t + r,p n — 1) = 1; or 

(ii) (r,p n — 1) = 1, (t + r, p n — 1) = 2 and p n = 3 (mod 4). 

Next we obtain the following new classes of PPs over finite fields of characteristic 3. 
Theorem 2.6. Let q = 3 n and t be any positive integer. Let a, (3,6 G F* and 

( 0, ifx = 0; 

f(x) = I ax\ if x e C ; 

{ (3{x 3 + 6x 2 + 6 2 x), if xe C x . 

Then f is a PP of¥ q if and only if (t, ^y-) = 1, r](9) = 1, and rj{a) = rj(f3), where r\ is 
the quadratic character of¥ q . In this case, fix) = (f3x 3 + f36x 2 + (36 2 x — ax l )x^~ — 
(f3x 3 + (36x 2 + /36 2 x + ax t ). 

Proof. Assume / is a PP. Because x t always map Co into Co and f3(x 3 + 9x 2 + 9 2 x) = 
(3x(x — 9) 2 , we must have 77(a) = r]((3). Indeed, we must have either 77(a) = t?(/3) = 1 so 
that / maps C into C and maps C\ into C\, or 77(a) = 77 (/3) = — 1 so that / maps C 
into Ci and maps C\ into C . In either case, (t, ^-) = 1 because x t permutes Co. On 
the other hand, let (3(x 3 + 9x 2 + 9 2 x) = (3(y 3 + 9y 2 + 9 2 y) for x, y £ G\. Then we obtain 
(re - y) (x 2 + {y- 29)x +(y-9) 2 ) = 0. It is obvious that (x 2 + {y- 29)x + (y - 9) 2 ) = if 
and only if rj((y — 29) 2 — A(y — 9) 2 ) = rj(9y) = 1. Hence /3(x 3 + 9x 2 + 9 2 x) is one-to-one 
over C\ if and only if (x 2 + (y — 29)x + (y — 9) 2 ) ^ over C\. The latter is equivalent 
to r)(9y) 7^ 1 and thus rj(9) = 1. The converse is similar and we omit the proof. □ 

We note that in the case that 9 = 0, / is a PP of ¥ q if and only if (t, = 1 and 
v ( a ) = r)(P). 
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In the study of permutation behaviour of the reversed Dickson polynomial, Hou [8] 
proved that -D 3 e +5 (l,x) is a PP over F 3 e when e is positive even integer. Equivalently, 
Hou proved the following result which can also be put into the context of cyclotomic 
mappings. We observe that Hou's result follows from Theorem 12. 61 for t = 3, a = 6 = 2 
and (3 = 1 (with a linear shift by —1). We note that r/(2) = 7/(1) = 1 in F 3 e for any 
even positive e. 

Corollary 2.7 (Theorem 1.1, [8]). Let e be a positive even integer. Then f(x) = 

3 e +l 

(1 — x — x 2 )x^~ — 1 — x + x 2 is a PP over F 3 e . 

Similarly, let t = 3 l , a = (3 = 2 and 9 = 1, we have the following result. 

Theorem 2.8. The polynomial f(x) = x~ h3 * + 2x~ h3 + 2x — 2 1-2 + 2a; - 2 hl + 
x 3 * + x 3 + x 2 + x is a PP of¥ 3 n for any positive integer n and non-negative integer i. 

In particular, when i — 1, we have 

3 n — 1 3 n — 1 

Corollary 2.9. The polynomial f(x) = x~ v2 + x~ ^ + x 3 + 2x 2 + 2x is a PP over 
¥ 3 n for any positive integer n. 

The following result (Proposition 1 in [20J) follows also from Theorem 12.61 for a — 1. 
We note (t, 3 n - 1) = 1 implies that t is odd and thus (t, (3" - l)/2) = 1. 

Corollary 2.10. Lett &e a positive integer with (t, 3 n — 1) = 1. Assume 6, (3 e Fg„ 

on 1 

■q{6) = T}(p) = 1. Thenf(x) = ([3x 3 + f36x 2 + ^x-x^x^ - ((3x 3 + (36x 2 + ^x + x*) 
is a PP over F 3 n . 

Theorem 12.61 generalizes Proposition 1 in [20J in a few different ways. First, it gives 
a necessary and sufficient description. Secondly, a constant a could be interpreted 
as fi(x^ q ~ 1 ^ 2 ) for any polynomial fi(x) G F 9 [x]. Thirdly, t could be even if 77 is odd 
because it is only required that (t, (3 n — l)/2) = 1 in stead of (t, 3 n — 1) = 1. For 
example, plug t = 2 % and 9 = (3 = a = 1 in Theorem 12.61 for F 3 n where n is odd, we 
obtain 

gTT. . 3^—1 3 n 1 3 n 1 

Theorem 2.11. The polynomial f(x) = x~ VT + 2x~ h3 + 2x~ 2 h2 + 2x~ 2 hl + 

x 2 ' + x 3 + x 2 + x is a PP of¥ 3 n for any odd positive integer n and non-negative integer 



In particular, when i — 1, we have 

3 71 — 1 3 n — 1 

Corollary 2.12. The polynomial f(x) = x~ ^ 3 + x~ hl + 2x 3 + x 2 + 2x is a PP of 

¥ 3 n for any odd positive integer n. 

In a similar way, we obtain the following result which extends the previous results. 



Theorem 2.13. Let q = 3 n and t be any positive integer. Let a, (3,6 G F* and 
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Then f is a PP of ¥ q if and only if (t,^-) = 1, rj(9) = — 1, and any one of the 
following holds: (i) t is odd and 77(a) = f](f3); (ii) t is even and 77(a) = —f]((3). In this 

3 n — 1 

case, f(x) = -(/3x 3 + (36x 2 + (38 2 x - - (fix 3 + f38x 2 + 09 2 x + ax 1 ). 

Proof. Assume / is a PP. Obviously, (t, ^-) = 1 because x l maps C onto either C or 
C\. Moreover, let (3(x 3 + 9x 2 + 9 2 x) = (3(y 3 + Oy 2 + 6 2 y) for x,y G C Q . Then we obtain 
(x - y) (x 2 + (y- 26)x + (y-6) 2 ) = 0. It is obvious that (x 2 + (y- 26)x + (y - 6) 2 ) = if 
and only if rj((y — 28) 2 — 4(y — 9) 2 ) = r](6y) = 1. Hence /3(x 3 + Ox 2 + 9 2 x) is one-to-one 
over C if and only if (x 2 + (y — 26)x + (y — 6) 2 ) ^ over C . The latter is equivalent 
to rj(9y) 7^ 1 and thus r](9) = —1. We now consider two cases of t. If t is odd, then x t 
maps C\ onto C\. Because (3(x 3 + 6x 2 + 2 x) = (3x(x — 9) 2 , we must have rj(a) = rj(/3). 
If t is even, then x l maps C\ onto Co. Because [x 3 + Ox 2 + 2 x) = x(x — 9) 2 maps 
Co onto Co, we must have 77(a) = —T)(0). The converse is similar and we omit the 
proof. □ 

For t = 3 l , 9 = 2, and a = (3 = 1, we apply Theorem 12.131 over F 3 »i with odd n to 
obtain the following result. 

3 n — 1 3 n — 1 . 3 n — 1 3 n — 1 

Theorem 2.14. The polynomial f(x) = x~ h3 ' + 2x~ h3 + x~ h2 + 2a; - a - + 1 + 
2x 2 ' + 2x 3 + x 2 + 2x is a PP of F 3 n /or any odd positive integer n and non-negative 
integer i. 

For t = 2, 6 = (3 = 2, and a = 1, we apply Theorem 12.131 over F 3 n with odd n to 
obtain the following result. 

3 n — 1 3 n — 1 3 n — 1 3 n — 1 

Theorem 2.15. The polynomial f(x) = x~ h2 * + x~ h3 + 2x~ h2 + x~ hl + 

2x 2 ' + x 3 + 2x 2 + x is a PP of F 3 n for any odd positive integer n and non-negative 
integer i. 

In particular, when % = 1, we obtain 

3 n — 1 . 3 n — 1 

Theorem 2.16. 77je polynomial f(x) = x~ h3 + x~ hl + x 3 + x 2 + x is a PP over 
F 3 ri for any odd positive integer n. 

We also obtain the following PPs such that both branches are cubic polynomials. 



Theorem 2.17. Let q = T and a, /9, 7, G F 3 » . Lei /(x) = (/3 - a)x (c, ~ 1)/2+3 + {flO - 

a ^ x {g-l)/2+2 + ^2 _ ^2^(9-1)72+1 _ ^ + a ) x 3 _ (pg + a ^ % 2 _ ^q2 + ^2)^ T/ien 

f is a PP o/F 3 n i/ and on/y i/ 77(a) = 7y(/3) ; 77(7) = — 1, and 77(0) = 1. 
Proof. Obviously, we have 



Assume / is a PP of Fq. Because a (x 3 +7x 2 +7 2 x) = ax(x — 7) 2 and (3{x 3 + 6x 2 +0 2 x) = 
(3x(x—9) 2 , they map Co and G\ into different cosets respectively, as long as 77(a) = rj(/3). 
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Moreover, let /3(x 3 + 6x 2 + 9 2 x) = /3(y 3 + 9y 2 + 9 2 y) with x,y G Ci. Then we obtain 
(x - y) (x 2 + (y - 2#)x + (y - Of) = 0. It is obvious that (x 2 + {y- 29)x + (y - 6) 2 ) = if 
and only if rj((y — 26) 2 — 4(y — 6) 2 ) = rj(6y) = 1. Hence /3(x 3 + 6>x 2 + 6> 2 x) is one-to-one 
over Ci if and only if n(#) = 1. Similarly, a(x 3 + 7X 2 + 7 2 x) is one to one over Co if 
and only if 77(7) = — 1. □ 

For the rest of paper, we concentrate on refinement of Lemma 12 . 1 1 with more branches. 
Obviously, A4 7^ for all i's if / is a PP. Moreover, if n(x)'8 are of certain special formats 
then we can simplify Lemma 12.11 significantly. 

One of the most natural choice is that rj(x) = x Ti for i = 0, ...,£ — 1. In this case, we 
must have (r», s) = 1 in order for P(x) to be a PP; otherwise, |Cp| 7^ s, a contradiction. 
Hence we have the following result. 

Theorem 2.18. Let £, s,r , . . . , rg_i fre positive integers such that s = (q — l)/£ and 
(rj, s) = 1 /or any z = 0, ...,£ — 1. Let g 6e prime power and A , . . . , G F*. Let 



( x ) = fAoXr-X-i W = \ 



0, ifx = Q; 

A x ro , if x £ C ; 

A{X r ' , if x & C^, 

A e _ lX r *-\ if xe 



Paen iae following are equivalent. 

(a) P(x) a o/F ? ; 

(b) AiCi n 7^ Aj/C!j/ r ., /or any 0<i<i'<£ — 1, where the subscripts of Ci r . are 
taken modulo £. 

(c) Ind^(^) ^ rid' — rii (mod £) for any 0<i<i'<£ — 1, where md 7 (a) is 
residue class b mod q — 1 such that a = / y b . 

(d) {A , Ai7 r % • ■ ■ , Ae-i^' 1 ^} is a system of distinct representatives o/F*/Cq. 

(e) {Af( lTl I i — 0, • • • , £ — 1} zs ine set 0/ a// distinct £-th roots of unity. 
i-\ 

(f) ^C'VLf = 0/or a//c=l,--- ,£-1. 

i=0 

Proof. The proof is similar to the proof of Theorem 1 in [T7] and we include it for the 
sake of completeness. 

Since Ci = {7^+* : j = 0, 1, • • ■ , s — 1}, for any two elements x 7^ y G Ci, we have 
x = -y^'+« and n = 7^' +i for some < j / j' < s - 1 . Since (rj, s) = 1, we obtain 
AjX ri = Airf ri i +iri 7^ = Aj7* r<J '' +M ' i . Moreover, it is easy to prove that Cq° = C 

and more generally CJ* = Cj rj for any < % < £ — 1. Hence (a) and (6) are equivalent. 

Because A i 'y in is a coset representative of AiC in , it is easy to see that (c), (d), and 
(e) are equivalent. Finally, since all of Aq, A\£ ri , ■ ■ ■ , Aj^^ -1 ^ -1 are £-th roots of 
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unity, (e) means that Aq, A{£ V1 , • • • , AjL^^ w-i are all distinct. By Lemma 2.1 in 
[6], (e) is equivalent to (/). □ 

This result generalizes Theorem 2.2 j6], Theorem 1 [IT] , and Lemma 2.1 [21], and 
all the consequences in these references. Furthermore, we obtain the following result 
in terms of the polynomial presentation. 

Theorem 2.19. Let q be a prime power, £ \ q — 1 and s = (q—l)/£. Let ¥ q be a finite 
field of q elements and ( e ¥ q be a primitive £-th root of unity. Let A , . . . , Ae_i G F*. 
Then 

p w = E w$-i) ( x(£ ~ 1)s + ^~ 2)s + ■ • ■ + c (e - 2) x s + c^ 1] ) 

is a PP of ¥ q if and only if (r*, s) = 1 for all i = 0, ...,£— 1 and {j4|£ iri | i = 
0, • ■ ■ , £ — 1} = where /i£ is t/ie set of all i-th roots of unity. The latter condition is 
equivalent to that {tj+zrj | i — 0, . . . , £—1} is a complete set of residues modulo £, where 
Af = for i = 0, ...,£— 1. In particular, if A S Q = A\ = . . . = Aj_ x ^ 0, then P(x) is 
a PP of ¥ q if and only if (r^, s) = 1 for all i = 0, ...,£ — 1 and {iri \ i — 0, . . . , £ — 1} 
is a complete set of residues modulo £. 

Proof. By Theorem 12. 181 and Equation (TjQ), P(x) is a PP of ¥ q if and only if (r«, s) = 1 
for all i — 0, . . . , £ — 1 and {Af^ \ i = 0, ■■■,£ — 1} is the set of all distinct ^-th 
roots of unity. Moreover, {Af( tTi = £ ti+iri | i = 0, • ■ ■ , £ — 1} = fie is equivalent to that 
{tj + zrj | z = 0, ...,£— 1} is a complete set of residues modulo I. □ 

Theorem 12.191 provides a simple algorithmic way to construct PPs of ¥ q with large 
indices. First, take any factor £ of q — 1 and let s = <L j-. Then pick any £ positive 
integers r , . . . , r£_ x such that (r i; s) = 1 for % = 0, . . . , £ — 1 and any £ nonzero constants 
A , . . . ,A e _i e ¥*. As long as AlC iri (0 < % < £ - 1) are all distinct (equivalently, 
{ti + iri | i = 0, ...,£ — 1} is a complete set of residues modulo £), we obtain a PP of 
¥ q . In this way, one can construct a very large amount of classes of PPs of F g . Here we 
give a few more examples of PPs of finite fields produced by our construction method. 

First we consider a few classes of PPs with three branches. 

Corollary 2.20. Let q = p n such that 3 | q — 1 and s = ^i-. Let ( be a primitive 
3-rd root of unity. Let A , At, A 2 E ¥ q . Then P(x) = A x r ° {x 2s + x s + 1) + (A^ 1 
(x 2s + (x s + C 2 ) +CMx T2 (x 2s + C V + () is a PP of ¥ q if and only if (r h s) = 1 for 
z = 0,l,2 and {A s , A{C\ A s 2 ( 2r *} = {1, C, C 2 }- 

The following result generalizes Theorem 9 in [20]. Again, we show these conditions 
are both necessary and sufficient. 

Theorem 2.21. Assume p n = 1 (mod 3). Let s = ^-jpi and ( be an element of¥ p n of 
order 3. Then 

f(x) = x(x s - ()(x s - C 2 ) + x 3 (x s - l)(x s - C 2 ) + (x p (x s - l)(x s - C) 
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is a PP over ¥ p n if and only if 

(a) p = 1 (mod 3) and s = 1 (mod 3); or 

(b) p = 2 (mod 3) and s = 2 (mod 3). 

Proof. In this case, £ = 3 and r = l,ri = 3,r 2 = p. Also /o(x) = (x — Q(x — ( 2 ), 
h{x) = (x - l)(x - C 2 ), and / 2 (x) = C(x - l)(x - C). So A = (1 - C)(l - C 2 ) = 1 - C - 
C 2 + C 3 = 2 - C - C 2 = 3, A, = (C - 1) (C - C 2 ) = 3C 2 , and A 2 = C(C 2 - 1) (C 2 - = 3( 2 . 
Hence 

' x = 0; 

3x x G C ; 
3C 2 x 3 areCu 
3C 2 x p xeC 2 . 

Obviously, we have (ri,s) = 1 for i = 0,1,2. Moreover, {Aq, A{( 3 , A s 2 ( t 2p } = 
{3 s , 3 s C 2s+3 , 3 s C 2s+2p } is equal to {1, ( 2s , ( 2s + 2 p} if and only if p, s satisfy either p = 1 
(mod 3) and s = 1 (mod 3), or p = 2 (mod 3) and s = 2 (mod 3). By Corollary 12.201 
we complete our proof. □ 



The following result also generalizes Theorem 10 in 

Theorem 2.22. Lett be any positive integer and assume p n = 1 (mod 9). Let s = 
and ( be an element of¥ p n of order 3. Then 

f(x) = x{x s - (){x s - C 2 ) + x p \x s - l){x s - C 2 ) + (x p {x s - l){x s - C) 

is a PP over ¥ p n if and only if 

(i) p = 1 (mod 3); or 

(ii) i is odd and p = 2 (mod 3). 

Proof. In this case, £ = 3 and r = l,ri = p\r 2 = p. Also fo(x) = (x — Q(x — ( 2 ), 
h{x) = (x-l)(x-C 2 ), and f 2 (x) = C(x-l)(x-C). So A = (1 - 0(1 - C 2 ) = 1 - C - 
C 2 + C 3 = 2 - C - C 2 = 3, A, = (C - 1) (C - C 2 ) = 3C 2 , and A 2 = C(C 2 - 1) (C 2 - = 3( 2 . 
Hence 

' x = 0; 

3x x G Co; 
3C 2 x pI xed; 
3( 2 x p x G C 2 . 

Obviously, we have (rj,s) = 1 for j = 0,1,2. Therefore, by Corollary I2.20[ f(x) 
is a PP over F g if and only if {A*C jJ \ J = 0,1,2} = {1,C,C 2 }- Indeed, { . \}C' y | 
j = 0,1,2} = {3 s , (3C 2 ) S C P \(3C ) s C 2p }- We only need to find conditions so that 
^ £2s+ P ^ ^2s+2 P are gjj distinct, equivalently, 2s+p l ^ (mod 3), s+p ^ (mod 3) and 
2s + p % ^ 2s + 2p (mod 3). Under the assumption of p n = 1 (mod 9), we have s = 
(mod 3). Hence we require p l ^ (mod 3), p ^ (mod 3) and p % ^ 2p (mod 3). 
Therefore either p = 1 (mod 3), or p = 2 (mod 3) and i is odd. □ 



fi x ) — fAo,AuA 2 ( X ) 
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In particular, if A ,Ai,A 2 belong to the same cyclotomic coset, then the condition 
{A S ,AIC\A^} = {1,C,C 2 } reduces {l,C\C 2r2 } = {1,C,C 2 }, which is equivalent 
to r\ = r 2 ^ (mod 3). 

Corollary 2.23. Let q = p n such that 3 | q — 1 and s = ^jp. Let ( be a primitive 
3-rd root of unity. Let A ,Ai,A 2 G ¥ q such that A S Q = A\ = A s 2 . Then P(x) = 
A x r °(x 2s + x s + 1) + A x x ri ((x 2s + ( 2 x s + 1) +A 2 x r2 (( 2 x 2s + (x s + 1) is a PP of ¥ q 
if and only if (r i; s) = 1 for % = 0, 1, 2 and r*i = r 2 ^ (mod 3). 

From this corollary, if we take q = 2 n with n is even, A = Ai = A 2 = 1, r = 2* and 
r i — r 2 — 2 J for some non negative integers i,j, we obtain the following classes of PPs 
with coefficients in ¥ 2 . 

2(2™ — 1) i 2(2 n — 1) ' 2 n — 1 j 2 n — 1 

Theorem 2.24. The polynomial P(x) = x § vT +x § vV +x~ vT +x~ h2J + 

x 2,1 is a PP over¥ 2 n for any even positive integer n and non-negative integers i,j. 

Similarly, we can construct PPs with coefficients in general base field F p . 

Theorem 2.25. Let q = p m , £ be a prime factor ofq — 1 with s = Let A , A 1 G F* 
Then f(x) = A x ro (x^ s + ■ ■ ■ + x s + l) -A lX ri (x^ 8 + • • • + x s + £ - l) is a PP 
of¥ q if and only if (r , s) = (r 1; s) = 1 and Aq = A\. 

Proof. Let P(x) be the cyclotomic mapping fA^A'^Mi^i we obtain 
P{x) = ^l( x (^> + x (e ~ 2 > + --- + x s + l) 

+ E (^ 1)s + ^ 2)s + ■■■+ ^ 2)xS + 

i=l 



A x' 



\j=l i=l i=l 



( X «-D. + + . . . + z - + 1) _ ( Z (/-D. + . . . + x s + i _ 1) ; 

where the last equality holds because YliZi C - *^ - ^ = —1 for all j = 1, ...,£ — 1 when £ 
is prime. By Theorem 12. 191 and let rx = • • • = r^_i and A\ — ■ ■ ■ — A^, P(x) is a PP 
of ¥ g if and only if (r , s) = (r x , s) = 1 and {Ag, AJCS • • • , A*C ( ^ 1)ri } = H- Th e latter 
condition is equivalent to A S Q ^ A s l C, lTl for all z = 1, ...,£ — 1, namely, A\ = Aq. □ 



Taking Aq — A\ — 1, we obtain the following PP with coefficients in the prime field 



Corollary 2.26. Let q = p m , £ be a prime factor of q — 1 with s = ^_ 27ien 
/(x) = x ro (x^ s + ■ ■ ■ + x s + 1) -x ri (a^- 1 ) 8 + • • ■ + a; 5 + £ - l) is a PP of ¥ q if 
and only if (r , s) = (r 1; s) = 1. 



14 QIANG WANG 

Finally we give another application of Theorem I2.19[ which generalizes Theorem 11 
in EDI. 



Theorem 2.27. Assume p n = 1 (mod t 2 ) and let 9 be an element of¥ p n of order £. 
Then 

i=l j=l,j^i 

is a PP over ¥ p n if and only if \%p % (mod t) \ i = 0, . . . , I — 1} = Z^. 

Proof. Let s = ' e —r L - We note that / is a cyclotomic mapping with r, = p l for z = 
0, ...,£- 1 and A = n$=ij^(^ - = - _1 ) • • • (1 - tf^ 1 )) = f^" 1 ). 

By Theorem I2TT91 / is a PP of ¥ q if and only if (p\ q - 1) = 1 for alii = 0, . . . , £ - 1 
and {p&V-V'gtf \ i = 0,...,£-l} = fit. The condition p n = 1 (mod £ 2 ) implies 
£ | s and thus fl^" 1 )* = 1. Hence \ % = 0, . . . , £ - 1} = m if and only if {ip* 

(mod £) | i = 0,...,£- 1} = Z £ . □ 

Corollary 2.28 (Theorem 11, [20]). Assume p = 1 (mod £) and p n = 1 (mod £ 2 ) and 
Zei 6* fre an element of¥ pn of order £. Then 

a PP over ¥ p n 

Corollary 2.29. Assume p n = 1 (mod 16) and let 9 be an element of¥ p n of order £. 



Then 



t t 



i=l j=ljj£i 



is a PP over ¥ 



p" 



Proof. Obviously, p must be odd. If p = 1 (mod 4), then / is PP over ¥ pn by Corol- 
lary [223 If P = 3 (mod 4), then {ip { | i = 0,1,2,3} = {0,p, 2p 2 , 3p 3 } is indeed a 
complete set of residue modulo 4. By Theorem |2.27[ / is a PP over ¥ p n . □ 

Similarly, we obtain the following corollary. 

Corollary 2.30. Assume p n = 1 (mod 25) and let 9 be an element of¥ p n of order £. 



Then 



/( x ) = ^a/ ( x (p"-i)/< _ fli) 



is a 



PP over¥ p n if and only if p = 1 (mod 5). 
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3. Realization of constants by polynomials 



In this section, we give more applications of Theorem 12.181 (or another version as 
in Theorem 13. ID to construct many new classes of PPs which have large indices and 
simple descriptions. We mainly consider how to choose constants Aq, . . . , Ae-± in terms 
of polynomials of specific formats in the cyclotomic mappings constructions. This 
demonstrate that our results generalize these results in [U [51 El |2T] . 

First of all, another way to rewrite Theorem 12.181 is as follow: 



Theorem 3.1. Let q — 1 = £s, f (x 





P(x) 



. , fe-i(x) e ¥ q [x] and 

if x = 0; 
x ro fo(x s ), if xe C ; 
x^f\{x s ), ifxed; 



x 



rt-i 



fi-i(x s ), if x eC e 



Then P(x) is a PP of ¥ q if and only if (rj, s) = 1 for any i = 0, 1, . . . , £ — 1 and 
fie = {C il fi(C) s \ i = 0, ...,£ — 1}, where jie is the set of all £-th roots of unity. 



Using Equation ([T]) and Theorem I3.1[ we can construct many PPs in the following 
polynomial format with large indices. 



(2) 



P(x) 



x n fi(x s ) , 

2-^ £^i(e-i) V 



(t-l)s 



i=0 



i(£-2) x s _^ r i(£-l) 



+ C (£_1) ) • 



As long as fi(C) 7^ 0, we can rewrite Theorem 13.11 as follow: 
Theorem 3.2. Let q — 1 = £s, fi(x), . . . , fe-i(x) e ¥ q [x], and 

if x = 0; 



P(x) 



0, 

x r °f (x s ), 
x ri /i(x s ), 



if x E C ; 
if x e Ci; 



x r ^fe-i{x s 



1 and a nonzero constant A e F*. Then 



if x eC, 

Suppose fi(C) s = A( ni for each i = 0, . . . , > 
P(x) is a PP of¥ q if and only if 

(i) (r^ s) = 1 for any i = 0, ...,£— 1. 

(ii) {iri + Hi | i = 0, ...,£ — 1} is a complete set of residues modulo £. 

In particular, if fi(C) s — A for each i = 0, ...,£ — 1 and a nonzero constant A G F*, 
then P is a permutation polynomial of¥ q if and only if (r iy s) = 1 for i = 0, ...,£ — 1 
and {rii \ i = 0, ...,£ — 1} is a complete set of residues modulo £. 

Proof. Because the constant A appears in each branch of the definition of P(x), we 
can assume A = 1 without loss of generality. From Theorem I3.1[ we need to show that 
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condition (ii) is equivalent to that ^ = {C**/i(C) s = C n+n ' \ i = 0, ...,£ — 1}, which 
is obvious. □ 

We note that if ro = r± — ■ ■ ■ — r^_i := r, then {r^i | i — 0, ...,£ — 1} is a complete 
set of residues modulo i if and only if (r, £) — 1. If ro = ■ • • = r^_i and no = ■ ■ ■ = rig-i, 
we obtain Theorem 4.1 in [6] as a corollary. As a special case of Theorem 13. 2 [ we also 
have the following result. 

Corollary 3.3. Let q — 1 = is, gi(x), . . . , gi-i{x) be any £ polynomials over ¥ q , and 



P(x) 



x r °g (x s Y, 
x ri gi(x s ) e , 



if x = 0; 
if x E C ; 
if x e Ci; 



k x^g^x 3 ) 1 , if xeC e 



Then P(x) is a permutation polynomial of¥ q if and only if {r^i \ i = 0, ...,£— 1} is a 
complete set of residues modulo £, (r^, s) = 1 and gi{C) ^ for all < i < £ — 1. 

Proof. This is true since if we set = gi(x) e , then we have fi{C) s — gi{C) £s = 

gi{C) q l = 1- The result follows from Theorem 13.21 □ 



We note that earlier results of Wan and Lidl (see Corollary 1.4 in [16]), and Akbary 
and Wang (Theorem 3.1 in [6]) are also special cases of the above result. 

We next construct cyclotomic permutations using classes of PPs with coefficients in 
some appropriate subfield which has been studied in [T], [5], [6], [7], and [2T] . 



Theorem 3.4. Let £, r , . . . , rg_i be a positive integer with q — 1 = is. Suppose q = g™ 
where q = 1 (mod i) and £\m. Let fi(x), . . . , f^i(x) be polynomials in ¥ qo [x] and 



0, if x = 0; 

x r °f (x s ) } if xe C ; 
P( x ) = <J x^h{x s ), if xeCi; 



k x r ^f e -i(x s ), ifxeC £ . 



Then the polynomial P(x) is a permutation polynomial of¥ q if and only if {r^ \ i = 
0, ...,£ — 1} is a complete set of residues modulo i, (r i; s) = 1 and fi(C) 7^ for all 
<i <l- 1. 
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Proof. Let m = in. The result is clear from Theorem I3.2[ since we have 

= (uwrn 1 

= {MY) 1 
= i. 

□ 

For example, let v be the order of p in TLjiTL. For any positive integer n, we can take 
q = q™ = p £vn in the above result. We note Theorem 13.41 generalizes Corollary 3.3 ([B] 
or Theorem 3.1 ([7]) or Theorem 1.2 (|21j). which deal with the case P(x) = x r f{x s ). 

Moreover, in [H|6l[2T], classes of PPs of the form x r (l + x eiS + . . .+x ekS ) 1 are studied. 
For h(x) = 1 + x + • ■ ■ + x k , it is well known that h((°) = k + 1 ^ if and only if 
p\{k + l) and/i(C) = ^ if and only if i\ (k + fori = 1,...,£-1. Here we 

construct cyclotomic permutations from these classes which generalizes Theorem 5.2 
(H) and Corollary 2.3 ([21]) • 

Corollary 3.5. Let i be positive integer with q — 1 = is. For all i = 0, ...,£— 1, 

let ri, ki, ei, ti be positive integers such that {£, e«) = 1 and h}~ i (x) = 1 + x + • • ■ + x kl . 
Suppose q = q™ (mod i) such that q$ = 1 (mod £) and £ | m. T/ien 

if x = 0; 
if x E C ; 
if x E C X ] 

^ f'-'/l^Jf'- 18 )''- 1 , if X El C t , 

permutes ¥ q if and only if {r^i \ i — 0, ...,£— 1} is a complete set of residues modulo 
i, (r u s) = 1 for all < i < £- 1, p\ k + 1, and £ ] i(k { + 1) for all i = 1, . . . ,£ - 1. 

Now we construct several classes of PPs obtained from Theorem 13.21 such that fi{CY 
(i = 0, ...,£ — 1) are not necessarily the same. Again, the following result extends 
Theorem 4.4 in [6] and Theorem 1.3 in [21] . 

Theorem 3.6. Let £ 6e positive integer with q — 1 = £s. For all i = 0, ...,£ — 1, let 

ri, ki, ei, ti, Hi be positive integers such that (£, e») = 1. Pitt hy (x) = 1 + x + • ■ • + x k t 
and hkX x ) — 1 + x + ■ ■ ■ + x hi . Let ki = £/(£, ki). Suppose q = q™ such that q = — 1 



P(x) 



0, 

x ro h ko (x eoS ) to , 
x ri h kl (x e ^y\ 
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(mod t) and m is even. Pick hi G ¥ qo [x] and let fi(x) := hk'.(x) ti hi(hk i (x)^ i ) . Then 

0. 



P(x) 



x ro f {x 
x ri fi(x 



e s\ 



eis\ 



if x = 0; 
if x E C ; 
if x E Ci; 



k x^ft^x^'), if xe C t , 



permutes ¥ q if and only if { (r » + 



^i,k-t% S 



)i | i = 0, 



— 1} is a complete set of residues 



modulo £, (r i; s) = 1 and /i(0) 7^ /or all < i < £ — 1. 

Proof. Let m = 2n. We note that £ | go + 1 implies that C 90 = C -1 an d thus 



^(fe^ + l)ie i90 _ 1 \ / f*e<_l 
' C='+l)«=i 



c 



s=L | 2=1 = 8 implies that fi^(C i6i ) s = C^ 1 " 



Furthermore, qo — 1 



90+1 



'/I) 



C^ - . Similarly, h ki (( iei ) kiqo 



hki{C e ') kl implies that h] H {C, tei ') ki ^ ^<?o- Then the result follows from 



Theorem 13.2} since we have 



9-1 



9-1 



„ 2n -i 
9q 1 



hi(h ki (( 



\j=0 



8§-l 



as long as fi(( tei ) ^ 0. 



□ 



Again, for h(x) = 1 + x + • ■ ■ + x k , it is well known that fo(C°) = + 1 7^ if and only 
ifpf(Jfe + l) and that /i(0) = ^ if and only if £ f (fc + l)i for i = 1, ...,£- 1. 

We therefore obtain a generalization of Theorem 4.4 ([6J) and Corollary 2.4 ([21]) as 
follows: 



Corollary 3.7. Let £ be positive integer with q — 1 = £s. For all % = 0, . . . , 

fj, fcj, 6j, tj, rij fre positive integers such that (£, ef) = 1. Pitt h k .(x) = 1 + x + ■ 
Suppose q = q™ such that q = —1 (mod £) and m is even. Then 



- I, let 
■ + x ki . 



P(x) 



0, 

x ro h ko (x eos ) to , 
x ri h kl (x eiS Y\ 



if x = 0; 
if x E C ; 
if x E Ci; 



k x^/i^^ 6 '- 18 )*'- 1 , if x £ C t , 
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permutes ¥ q if and only if '{(r* + e ' fc | f * s )i | i = 0, . . . , £ — 1} is a complete set of residue 
modulo £, (rj, s) = 1 for all < 2 < £ — 1, p \ k + 1, and £ \ i(ki + 1) for all 
i = 1,...,£-1. 

Finally we take all branches as binomials and obtain a large class of PPs, which 
generalizes Theorem 3.1 [5] and Theorem 2.5 [21]. We note the necessary and sufficient 
description of a subclass of permutation binomials can be found in [T71 US] . 

Theorem 3.8. Let £ be positive integer with q — 1 = is. Let ui > > and a{ G F* 
such that gcd(-Uj— r i; q— 1) := s is a constant for alii = 0, . . . , £— 1. Let e, := (u — r^ji 
and r) be a fixed primitive 11-th root of unity in the algebraic closure of¥ q and ( = rj 2 . 
Suppose (rf ei + ai/rf ei ) s = 1 for each i = 0, ...,£ — 1. Then 

0, if x = 0; 

x Uo + a x ro , ifxeC ; 
P(.r) = { x u ^+ ai x r \ if xe d; 

x Ul ' x + a e _ 1 x rt -\ if x E C e . 

permutes ¥ q if and only if — 7^ C* ei and (r», s) = 1 /or < i < £ — 1, {rji + | 
z = 0, — 1} is a complete set of residues modulo £. 

Proof. Let x Ui + aiX Ti = x Vi (x eiS + a). We have 

= rf eiS (r] tei + a/rf ei Y 
= ri ieiS = Q eiS l 2 

The rest of proof follows easily from Theorem 13.21 □ 

4. CONCLUSION 

In this paper we study permutation polynomials of finite fields in terms of cyclotomy. 
We provide both theoretical and algorithmic ways to generate permutation polynomi- 
als of finite fields. We have demonstrated how to construct concrete classes of PPs 
using our method. One can expect to generate more concrete classes of permutation 
polynomials by taking different polynomials as branches in our cyclotomic mapping 
construction. It is also expected to further extend our method to additive cyclotomy 
as studied in [HI 021 E3j . 



References 

[1] A. Akbary, S. Alaric, and Q. Wang, On some classes of permutation polynomials, Int. J. Number 

Theory 4 (2008), no. 1, 121-133. 
[2] A. Akbary, D. Ghioca, and Q. Wang, On permutation polynomials of prescribed shape, Finite 

Fields Appl. 15 (2009), 195-206. 



20 QIANG WANG 

[3] A. Akbary, D. Ghioca, and Q. Wang, On constructing permutations of finite fields, Finite Fields 

Appl. 17 (2011), no. f, 51-67. 
[4] A. Akbary and Q. Wang, On some permutation polynomials, Int. J. Math. Math. Sci. 16 (2005), 

2631-2640. 

[5] A. Akbary and Q. Wang, A generalized Lucas sequence and permutation binomials, Proc. Amer. 

Math. Soc. 134 (2006), no 1, 15-22. 
[6] A. Akbary and Q. Wang, On polynomials of the form x r f{x^ q ~^l l ), Int. J. Math. Math. Sci., 

Volume 2007, Article ID 23408, 7 pages. 
[7] Y. Laigle-Chapuy, Permutation polynomials and applications to coding theory, Finite Fields 

Appl. 13 (2007), 58-70. 

[8] X. Hou, Two classes of permutation polynomials over finite fields, J. Combin. Theory Ser A 118 
(2011), no. 2, 448-454. 

[9] R. Lidl and G. L. Mullen, When does a polynomial over a finite field permute the elements of 

the field?, Amer. Math. Monthly 95 (1988), 243-246. 
[10] R. Lidl and G. L. Mullen, When does a polynomial over a finite field permute the elements of 

the field? II, Amer. Math. Monthly 100 (1993), 71-74. 
[11] R. Lidl and H. Niederreiter, Finite Fields, Encyclopedia of Mathematics and Its Applications, 

Cambridge University Press, 1997. 
[12] G. L. Mullen, Permutation polynomials over finite fields, "Finite Fields, Coding Theory, and 

Advances in Communications and Computing", 131-151, Marcel Dekker, New York, 1993. 
[13] G. L. Mullen and Q. Wang, Permutation polynomials of one variable, Section 8.1 in Handbook 

of Finite Fields, to appear. 
[14] H. Niederreiter and K. H. Robinson, Complete mappings of finite fields, J. Austral. Math. Soc. 

Ser. A 33 (1982) 197-212. 
[15] H. Niederreiter and A. Winterhof, Cyclotomic 7^-orthomorphisms of finite fields, Discrete Math. 

295 (2005), 161-171. 

[16] D. Wan and R. Lidl, Permutation polynomials of the form x r f(x^ 1 ^ d ) and their group structure, 

Monatsh. Math. 112 (1991), 149-163. 
[17] Q. Wang, Cyclotomic mapping permutation polynomials over finite fields, Sequences, subse- 
quences, and Consequences (International Workshop, SSC 2007, Los Angeles, CA, USA, May 31 

- June 2, 2007), Lecture Notes in Comput. Sci. 4893, 119-128. 
[18] Q. Wang, On generalized Lucas sequences, Combinatorics and Graphs: the twentieth anniversary 

conference of IPM, May 15-21, 2009, Contemporary Mathematics 531 (2010), 127-141. 
[19] P. Yuan and C. Ding, Permutation polynomials over finite fields from a powerful lemma, Finite 

Fields Appl. 17 (2011), no. 6, 560 - 574. 
[20] Z. Zha and L. Hu, Two classes of permutation polynomials over finite fields, Finite Fields Appl. 

18 (2012), no. 4, 781-790. 
[21] M. Zieve, Some families of permutation polynomials over finite fields, Int. J. Number Theory 4 

(2008), 851-857. 

[22] M. Zieve, On some permutation polynomials over ¥ q of the form x r h(x^ 9 ~ 1 ^ d ), Proc. Amer. 

Math. Soc. 137 (2009), no. 7, 2209-2216. 
[23] M. Zieve, Classes of permutation polynomials based on cyclotomy and an additive analogue, 

Additive Number Theory, 355-361, Springer, New York, 2010. 



CYCLOTOMY AND PERMUTATION POLYNOMIALS OF LARGE INDICES 



21 



School of Mathematics and Statistics, Carleton University, 1125 Colonel By Drive, 
Ottawa, Ontario, K1S 5B6, CANADA 
E-mail address: wang@math. carleton. ca 

School of Mathematics and Statistics, Carleton University, Ottawa, ON K1S 5B6, 
Canada 

E-mail address: wangOmath. carleton. ca 



